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Abstract: This paper presents computational results of incompressible flows simulations by solving the Navier-
Stokes equations using a finite element method combined with the Characteristic Based Split scheme (CBS). The
classical finite element method called Bubnov-Galerkin or Galerkin Method (GFEM) is considered the best
method for solving purely diffusion problems, however, in case of problems with convection dominant as in
many problems of fluid flows, the GFEM produces oscillating solutions for high Reynolds numbers. The main
goal of this work is to highlight the simulation method and the results of some common 2D problems used for
code validation..
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I. INTRODUCTION

The standard Galerkin finite element method (GFEM) gives the minimum error in the L2 norm for self-
adjoint problems and results in a symmetric algebraic system of equations. However, the main equations that
rules the fluid dynamics are non-self-adjoint equations and if the GFEM is used to solve them, without any
stabilization, it may result in several oscillations. The instability due to the non-linear convective acceleration
terms, which make the equations non-self-adjoint, leads to a system of non-symmetric equations [4].

Also, the incompressible limit, Ladyshenskaya-Babuska-Brezzi (LBB) conditions, introduces
instability if equal order interpolation functions are used for velocity and pressure fields. In this way, use of
simple linear triangular elements results in highly oscillatory solutions when the viscous flows of
incompressible fluids is solved using equal order interpolation. The violation of this condition often results in
numerically unphysical oscillations in the pressure field [4].

One way to remedy or reduce the instabilities of the solution is to apply upwind discretization
techniques of the convective inertia terms, which are the main source of oscillations when solving this kind of
problem. For stabilization via transient formulations, there is the Characteristic-Galerkin, [5], [7] and [8] which
is the category that the CBS scheme belongs to.

In order to apply the Characteristic-Galerkin approach to the momentum equations, firstly, the pressure
term is dropped out and a moving coordinate system is assumed, like a Lagrangian fluid dynamics approach.
Although this approach eliminates the convection term responsible for spatial oscillation when discretized in
space, the complication of a moving coordinate system is introduced. However, a simple spatial Taylor series
expansion in space avoids such a moving coordinate approach. So, we are able to calculate an intermediate
velocity field and this is the first step of CBS scheme. In a second step, the pressure field is calculated from a
Poisson equation. Then, in a third step, the intermediate velocities will be corrected. With the pressure and the
corrected velocities in hand, in the last step we can calculate any additional scalar variables with the appropriate
governing equation. Owing to the split introduced in the equations, the method is referred as the Characteristic
Based Split (CBS) scheme [3].

The characteristic based split (CBS) scheme for compressible and incompressible flow problems was
first introduced into the finite element literature in 1995 by Zienkiewicz and Codina and co-workers. Since its
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introduction to the computational and numerical methods community, the CBS scheme has received great
interest and has been subject of study for several researchers for both incompressible and compressible flows
[4].

In this work, we use a semi-implicit CBS scheme to solve some 2D incompressible steady flow in a
square cavity and a transient flow in a flow around a cylinder. Another objective of the work is to learning some
aspects of implementation of the GFEM-CBS in order to simulate in sequence of the work tridimensional flows
problems. The Reynolds numbers considered are from low to moderate range in order to keep within the laminar
flow range, because none turbulence model is used, and thereby ensure that the results obtained will have a
physically expected behavior.

II. NUMERICAL PROCEDURE
2.1 Governing Equations.
The governing equations of the problem are the continuity equation, the two-dimensional Navier-
Stokes equations and the transport equation for energy. For forced convection problems, these equations are
commonly non-dimensionalized and they assume following set of equations.
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2.2 The Characteristic Galerkin
Substances Now, the Characteristic Galerkin (CG) procedure will be described for a simple 1D
convection-diffusion equation for simplicity. Consider the following transport equation for a scalar variable:

%+u1%—i k% +0=0
ot ox, Ox \ Ox

The Characteristic Galerkin is based on evaluation of the time derivative along the characteristic that
eliminate the convective term in the transport equation (as a Lagrangian fluid dynamics approach). So, the

previous equation is now:
ot ox, \ Ox

Here, although this approach eliminates the convection term responsible for spatial oscillation when
discretized in space, the complication of a moving coordinate system is introduced. It is worth to say that it is a
self-adjoint equation.

In order to solve the problem of a moving coordinate system, a simple Taylor expansion is used and the
semi-discrete form, turns to the following:

ntl _ gn n 2 n "
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At this point, we get to the end of the Characteristic Galerkin procedure and the equation is ready for
spatial discretization. In this work, the GFEM is used to spatial discretization.

Once GFEM is used, before proceed with the integration, we must apply Green’s lemma to some of the
integrals in order to get the weak formulation.

For a 2D convection-diffusion equation, after the Characteristic Galerkin and the GFEM procedures
have been applied, we get:
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Wh
ere n; and n; are the direction cosines of the outward normal n, Q is the domain and I is the contour of the

domain. The Characteristic Galerkin procedure and the GFEM discretization are described in more details in [3].

2.3 Characteristic Based Split

The The application of the CBS scheme for flow equations involves the discretization of the time
derivative in steps. Just for remember, as shown in the previous section, the CG procedure is the first step of
CBS and we are able to calculating an intermediary velocity field, since the pressure terms be removed from N-
S equations, fact that leads to the need of an ‘adjust’, which happens in the following steps of CBS scheme. In
the second step, the pressure field is calculated from a Poisson equation in scheme known as semi-implicit. The
pressure equation is derivate from the fact that the intermediate velocities at the first step need to be corrected.
When the equations of momentum are subtracted from the original equations with the pressure term and the
continuity equation is used, ones obtain the Poisson equation for the pressure field.

With the pressure field in hands, the third step of the CBS scheme is to correct the intermediary
velocity field calculated in the first step. Once we get the pressure and the corrected velocities fields, in the last
step we can calculate any additional scalar variables with the appropriate governing equation.

The following summarizes the four steps for the time discretization of the equations that make up the
CBS scheme from [5]:

Step 1: Intermediate velocity field
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Step 2: Pressure Calculation
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Step 3: Velocity Correction
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Step 4: Temperature Calculation
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Now, applying the Galerkin method for spatial discretization, the 4 steps of CBS scheme in matrix
form become:

Step 1: Intermediate velocity field
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Step 2: Pressure Calculation

Step 3: Velocity Correction

[M ]} =[]} - 2e[G }{p)

[M ]} =[M it} - 2] G ]{ P}

Step 4: Temperature Calculation
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II1. RESULTS AND DISCUSSIONS

3.1. Square Cavity.

The flow in the cavity is a widely discussed issue in order to validate the results of the computer codes.
The geometry and the boundary conditions of this case are well-known but it can be found in [2] and [3].
Despite the simple geometry, the cavity can present the most complex phenomena of a flow such as
recirculation. The irregular mesh contains 87301 nodes and 173576 triangular elements. The Figure 1 shows the
results for Reynolds number equal to 100, 400, 1000 and 3200, respectively. For each one, two results are
presented. The first on left side show the velocity component in x, in the center of the cavity (y=0,5) and the

second on the right side, show the velocity component inydirection, also in the center of the cavity (x=0,5).

Figure 1. Results for Reynolds number equal to 100, 400, 1000 and 3200, respectively.
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3.2. Flow around a cylinder

As in previous cases, this is also a case widely studied for the computational code validation. One can
find in literature many computational studies and also many experimental studies because it is a relatively easy
problem to reproduce in the laboratory. Here we are presenting some studies regarding this case. This geometry
is in according with the studies presented by [1] and [6], and the objective is to compare the results of the
pressure coefficient over the cylinder surface for Reynolds number equal to 40. The mesh contains 80304 nodes
and 159744 elements.

Figure 2. Geometry and boundary conditions for cylinder example.
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The pressure coefficient is calculated and then the values are normalized using the two following
equations. The results are plotted in Fig. 3, where is presented the pressure coefficient value varying the angle 6,
which is measured from the stagnation point to the rear of the cylinder.
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By inspection of the results, it is possible to observe the excellent agreement of them. In Figure 3 is
also show the result predicted using the theory of potential flow by the continuous line.

Figure 3: . Results for pressure coefficient over the cylinder surface.
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Now, in order to study the transient response, a different arrangement for the cylinder case is presented
in Fig. 4. The mesh generated for this problem has 41916 nodes and 83073 triangular elements. In this case, the
time evolution of the flow is shown in Fig. 5 for a Reynolds number equal to 100 and time-step equal to 0,001.
The boundary conditions in the cylinder are velocity equal to zero and temperature equals to 1. For comparison
with other studies in the literature, the Strouhal number calculated for this case is equal to 0,1676. The Figure 6
presents the values of the y component of velocity measured on a probe located at 11D behind the cylinder
center after t = 60 i order to have a homogeneous vortex emitions.

Figure 4. Geometry and boundary conditions for the transient analysis.
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Figure 6. Velocity in y-direction on the probe.
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IV. CONCLUSION

In this work, a semi-implicit GFEM-CBS was applied to simulate 2D incompressible fluid flows and

the obtained results are in agreement with results from the literature for the benchmark problems with the
expected behavior. This work also served as a step for learning more about this numerical method for flow
simulations and then to enable a construction of a 3D code. All the results shown in this work were simulated
low and moderate Reynolds numbers, since none turbulence model was applied.
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